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ABSTRACT 

The theo ry  of thq extrema-effect  i n  e l a s t i c  irripact s p e c t r a  i s  

reviewed and extended, It has been shown p r e v i o u s l y  t h a t  f o r  any 

rea l i s t ic  i n t e r - p a r t i c l e  p o t e n t i a l  (whose w e 1 1  has  a c a p a c i t y  f o r  

one o r  more bound s ta tes) ,  extrema i n  t h e  t o t a l  e l a s t i c  molecular 

beam s c a t t e r i n g  c r o s s  s e c t i o n s  are expected a t  c e r t a i n  c h a r a c t e r i s t i c  

v e l o c i t i e s .  The l i m i t i n g  h igh -ve loc i ty  spac ing  of success ive  extrema 

on a l / v  p l o t  i s  found t o  be i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  product  

of t h e  w e l l  dep th  E t i m e s  t h e  i n t e r - p a r t i c l e  s e p a r a t i o n  rm a t  

t h e  p o t e n t i a l  minimum. It i s  shown t h a t  t h e  c o n s t a n t  of p r o p o r t i o n a l i t y  

i s  c l o s e l y  r e l a t e d  t o  t h e  cu rva tu re  of t h e  w e l l ,  and thus  t o  the  

f o r c e  c o n s t a n t  of t he  di-atom (or  complex'^ molecule) ,  Methods are 

d i s c u s s e d  f o r  t h e  e x t r a c t i o n  of t h e  maximum amount of i n fo rma t ion  on 

t h e  shape of t h e  p o t e n t i a l  w e l l  from measurements of t h e  extrema- 

e f f e c t .  

v This  r e s e a r c h  r ece ived  f i n a n c i a l  support  from t h e  Na t iona l  
Aeronaut ics  and Space Adminis t ra t ion,  Grant N s G -  275 -62. 



In t roduc t ion  and Review 

It has Seen recognfzed v f o r  some time t h a t  the most s e n s f t i v e  

means of e v a l u a t i q g  the  in te rmskc:J la r  F o t e a t i a l  5 8 t h e  molecular 

b e m  s c a t t e r i n g  t echn lcpe ,  Measurexerrts of t h e  d i f f e r e n t i s :  snd 

t o t a l  e l a s t i c  s c a t t e r i n g  c r o s s  sec t fcna ,  dare&, and w (sometines 

des igna ted  Q ) over a w i d e  range  of r e l z t f v e  v e l o c i t y  v are, i n  

p r i n c i p l e ,  s u f f i c i e n t  t o  a l low h determinat ion c f  the  3r ;en ta t ion-  

averaged p o t e n t i a l  func t ion  v(r) m e r  a w i d e  z%nge of i n t e r p a r t i c l e  

s e p a r a t i o n  r a Although formzl " inversion" pr o c e d x e s  ( c r o s s  

s e c t i o n s  4 p o t e n t i a l )  a r e  k n o m , v  they  ~ ; a v e  x t  y e t  seen  p r a c t i c a l  

u t i l i z a t i o n .  

par  ame tr i zed f unc t iona L form wfor  v(r) and t o  coxpute t h e  ( p a r t i a l -  

wave) s c a t t e r i n g  phase s h i f t s  % ( k )  and c r o s s  s e c t i o n s  a s  a f u n c t i o n  

of t h e  r e l a t i v e  v e l o c i t y  or  t h e  wavenumber k 

i s  t h e  reduced mass),  The ca l cu la t ed  c r o s s  s e c t i o n s  are then  

compared wi th  o b s e r v a t i o n s v a n d ,  by s u i t a b l e  v a r i a t i o n  of t h e  

Rather ,  i t  has  been customaryqto a s s m e  a r easonab le  

( Z p . V / g  , where p 

p o t e n t i a l  parameters ,  one converges en a Yes t  set3 '  ( s z b j e c t  t o  

t h e  c o n s t r a i n t  imposed by t h e  assumed f u n c t i o n a l i t y  of t h e  p o t e n t i a l ) .  

I n  genera l ,  s c a t t e r i n g  measurements a t  h igh  collision e n e r g i e s  V 
y i e l d  informat ion  p r i m a r i l y  on the  s h x t - r a n g e ,  r e p u l s i v e  f o r c e s  

w h i l e  thermal-ener ~ ~ ~ e a s u r e m e n t s  a r e  e s p e c i a l l y  s e a s i t i v e  t o  tne 

W T y p i c a l l y  t h e  express ion  fox v(r) involves  " s t r eng thPg  parameters  
such as f t h e  depth of thE a t t r a c t i v e  w e l l ,  or C t h e  
long-range ''Londongt a t t r a c t i v e  ccnstsnt, ar?d "s ize"  parameters  
such as cr , t h e  " c o l l i s i o n  diameter"  ( t h e  zerc of t h e  
p o t e n t i a l )  or rrn t h e  p o s i t i o n  of t h e  n?fRfIWim, 

1 
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longer-range, a t t r a c t i v e  p a r t  of the p o t e n t f a l .  A t  a given energy, 

d i f f e r e n t i a l  c r o s s  s e c t i o n s  a t  the  l a r g e r  s c a t t e r i n g  ang le s  ( a s s o c i a t e d  

wi th  c o l l i s i o n s  of small  i m p i ~ t  psrametex b, e.g., b h a  ) 

are responsive t o  the  r e p u l s i v e  branch of t he  p o t e n t i a l  wh i l e  t h e  

lower angle s c a t t e r i n g  c r o s s  s e c t i o n s  (governed p r i n c i p a l l y  by 

c o l l i s i o n s  of l a r g e  b ) are a f f e c t e d  p r i m a r i l y  by t h e  long-range 

i n t e r a c t i o n s .  

A t  thermal ene rg ie s ,  due t o  the  dominant i n f luence  of t h e  long- 

range a t t r a c t i v e  " ta i l "  of t he  p o t e n t i a l ,  t he  angular  d i s t r i b u t i o n s  

a r e  very s t r o n g l y  forward peaked, so  t h e  main e a n t r i b u t i o n  t o  t h e  

t o t a l  ( e l a s t i c )  c r o s s  s e c t i o n  i s  t h a t  from ve ry  s m a l l  ang le s .  

Massey and Mohr v derived a simple expres s ion  for the  v e l o c i t y  

dependence of the t o t a l  c r o s s  s e c t i o n  (by i n t r o d u c i n g  a "random- 

phase" approximation f o r  t h e  many l a r g e  phase s h i f t s  of low 1 and a 

Jeffreys-Born (JB) approximation for  t h e  many small phase s h i f t s  

a t  high 1 ), v a l i d  f o r  a p o t e n t i a l  a sympto t i ca l ly  of t h e  form 

V/(P) =c(b) /  r c : 

V where p i s  a dimensionless  c o n s t a n t  

However, due t o  t h e  concomitant sho r t - r ange  f o r c e s ,  undu la to ry  
a _ - - _  

Based on more r e c e n t  t r e a t m e n t s v a  "best" valuewof p = 8.08 
i s  obtained.  
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d e v i a t i o n s  from t h e  monotmlc v-'~ dependence of t h e  t o t a l  c r o s s  

s e c t i o n  a r e  expected, i o e . ,  extrema i n  t h e  v e l o c i t y  dependence of 

Q w .  
e x i s t e n c e v o f  a broad maximum i n  the  dependence of t he  phase s h i f t  

upDn t h e  angular  momentum quantun? number 

3b 9ab This  so -ca l l ed  "extrema-effect"  i s  due t o  the  

I , which provides  a 

s i g n i f i c a n t  number of non-random phases  a t  i n t e rmed ia t e  1 . 
The m a x i m u m  phase 7- i n c r e a s e s  wi th  dec reas ing  and, i f  t h e  

a t t r a c t i v e  w e l l  i s  deep enough ( i . e m ,  has  a c z p a c i t y  f o r  one o r  

more bound s t a t e s ) ,  Tm[f?\ can pass  success ive ly  through s e v e r a l  

m u l t i p l e s  of p/a , g iv ing  r ise  a l t e r n a t e l y  t o  p o s i t i v e  and 

k 

nega t ive  incrementa l  con t r ibu t ions  AQ t o  the  random-phase- 

approximated Q des igna ted  Q The increment h Q  i s  found 
- 

t o  be \loa/ 

where Lo i s  t h e  va lue  of 1 f o r  which 7 a t t a i n s  i t s  

maximum va lue ,  Tm(k) ; 

are a l s o  dependent upon k e Thus the  gene ra l  cond i t ion  fo r  an 

L and pz 7; z ( J>/Jlah 
o '  0 

extremum i n  Q i s :  w 

- - - - -  
V T h i s  i s  due t o  t h e  "competition" betweeri a p o s i t i v e  ( a t t r a c t i v e )  

t e r m  and a nega t ive  ( r epu l s ive )  c o n t r i b u t i o n  t o  the  phase 
s h i f t s ,  c h a r a c t e r i s t i c  of s c a t t e r i n g  by any p o t e n t i a l  w i th  a w e l l .  
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where the  i n t e g e r  i n d i c e s  N = i , 2 ,  denote maxima i n  

and the h a l f - i n t e g e r s  N = 1,5, 2,5 e o  minima; kN i s  t h e  

wavenumber of t he  Nth extremum. 

For any r e a l i s t i c  p o t e n t i a l  with a w e l l ,  the  high-energy 

behavior of t h e  maximum phase i n  the  J , - B .  limit has t h e  

asymptotic form w 

where the cons t an t  of p r o p o r t i o n a l i t y  c1 depends somewhat upon 

the  p a r t i c u l a r  f u n c t i o n a l i t y  of t he  p o t e n t i a l ,  For t he  s i m p l e s t  

p r a c t i c a l  two-parameter p o t e n t i a l ,  t h e  L.-J.(P2,6), one f i n d s  

c = 0 . 8 4 3 2 h .  Thus i n  t h e  h igh -ve loc i ty  l f m l t ,  one has t h e  

fol lowing v e l o c i t y  dependence of the extrema: 

w 

1 

where GN i s  the  Nth extremum-velocitp* The -VN may be 

determined by i n s p e c t i o n  of experimental  graphs of t h e  ( o s c i l l a t o r y )  

f u n c t i o n  b~/zj vs.  v-' ( t e r m e d w e l a s t i c  impact s p e c t r a ) .  

Then, from E q .  5, a p l o t  of N-318 v s .  go' should pass  through 

t h e  o r i g i n  ( thus  f i x i n g  t h e  index assignments) ,  w i t h  i n i t i a l  

N 

s lope  AI y i e l d i n g  t h e  ePkn product,  assuming a p a r t i c u l a r  

1" p o t e n t i a l  f u n c t i o n  w i t h  given c 

d I n  "reduced" n o t a t i o n ,  Eq. 4 may be w r i t t e n  
- - - - -  

( 4 ' )  
where the "reduced phase" 
energy K 3 E/€ = + p  J'/& , 

3 *  s ?Armand t h e  reduced c o l l i s i o n  
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The extrema-effect  has  been used (somewhat as fo l lows)  t o  

c h a r a c t e r i z e  the  p o t e n t i a l  w e l l  f o r  a number of a l k a l i  and noble 

gas systemsSw F i r s t ,  c6' is  deduced from b ( 0 r )  

Then from t h e  e las t ic  impact spectrum and rhe r e s u l t i n g  

( v i a  Eq. 1). 

N [UM-') 

p l o t ,  t h e  erw product i s  evaluated,  assuming a L . - J .  (12,6) 

f u n c t i o n a l i t y  ( i . e . ,  a s p e c i f i e d  c ). Since f o r  t h i s  p o t e n t i a l  

C(6) = J€f" , E and Ir, may be s e p a r a t e l y  obtained.  These 

1 
6 

may se rve  as i n i t i a l  va lues  i n  an  i t e r a t i v e  computational procedure,  

i n  which t h e  p o t e n t i a l  c o n s t a n t s  as w e l l  as f u n c t i o n a l i t y  can be 

a l t e r e d ,  and t h e  success ive ly  computed (J)curves compared w i t h  

experiment . 
4 

\la/ 
The amplitude of the o s c i l l a t i o n s  i n  AQ/Qc i s  w e l l  approximated 

by t h e  semiclassical r e l a t i o n  

where = [.fi&)/+' f / A  i s  t h e  reduced impact parameter ( p t h e  

v a l u e  corresponding t o  Lo> and i s  t h e  s lope  of t h e  

c lass ical  d e f l e c t i o n  f u n c t i o n  0 ( p  ) a t  i t s  zero,  

0 

Po 
Thus, given a c c u r a t e  experimental  amplitudes one may extract 

t h e  r a t i o  f14,/(- @')$ which i s  s e n s i t i v e  t o  t h e  assumed 

f u n c t i o n a l  form of t h e  p o t e n t i a l .  Unfortunately,  due t o  t h e  

b l u r r i n g  e f f e c t  of even r e s i d u a l  beam v e l o c i t y  d i s t r i b u t i o n s  t h e  

observed amplitude u(5) is  smaller than  t h e  t r u e  L)(U), so  t h a t  

i t  i s  d i f f i c u l t  t o  improve s u b s t a n t i a l l y  on the  i n i t i a l  va lue  of er, 
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It should be noted t h a t  once the  i n d i c e s  N a r e  c o r r e c t l y  

ass igned from a N ( u G a )  p l o t  i t  becomes psssEble t o  deduce 

d i r e c t l y  from t h e  experimental  ex t r ema-ve loc i t i e s ,  v ia  E q .  3, 

a b s o l u t e  valuesvof t h e  maximum phase s h i f t  g, as a f u n c t i o n  of 

k or  U The experimental  r e s u l t s  may 'be f i t t e d  KO a power 

s e r i e s  i n  r e c i p r o c a l  v e l o c i t y  and r a t i o s  o f  success ive  c o e f f i c i e n t s  

compared with c a l c u l a t i o n s  based on v s r i o u s  assumed f u n c t f o n a l  

forms of V ( r ) o  

The impor t a n  t c o n s t a n t  of pr opor t iona li t y  c p  (between t h e  

experimental  i n i t i a l  s lope ,  A19 and t h e  d e s i r e d  €fm product)  

i s  not f u l l y  independent of t he  shape of t h e  p o t e n t i a l ,  It w i l l  

be shown t h a t  ( for  a given and rm ) t h e  c o n s t a n t  i s  governed 

p r i m a r i l y  by the  cu rva tu re  of t h e  p o t e n t i a l  a t  i t s  minimum, w 

The ex t r ema-e f fec t  appears  t o  be the only example of a d i r e c t  
experimental  method f o r  t he  de t e rmina t ion  of a n  a b s o l u t e  
s c a t t e r i n g  phase s h i f t ;  o r d i n a r i l y  i t  has been assimed t h a t  
experiment can only r e v e a l  phase s h i f t s  aodulo %% 

W I n  Ref. lob,  u s e f u l  t a b l e s  are presented l i s t i n g  t h e  t h r e e  
ex t r ema-quan t i t i e s  ?&, and e," as a f u n c t i o n  of K f o r  
t h e  Kihara ( w , l 2 , 6 )  p o t e n t i a l  with the "core" parameter i n  
t h e  range - 0 , 3  5 Y 2 0.5,  s imi la r  c a l c u l a t i o n s  for  t h e  
L. -J. 
t a b l e ,  i @ e . >  n M u  f o r  which t h e  e x t r e m a - q u a n t i t i e s  w e r e  
e s s e n t i a l l y  i d e n t i c a l ,  The experiments of Rol and R o t h e w  
on t h e  Li-Kr system which had been analyzed i n  Ref,  1Pa i n  
terms of a L.-J.(12,6) func t ion ,  were r e -ana lyzed  and a 
"best  f i t ' #  of &/a (U)ob ta ined  w i t h  d = 0.2, corresponding 
t o  n = 2 3 .  The i n f e r e n c e  might be drawn t h a t  t h e  r e p u l s i v e  
index, n, of t he  i n t e r a c t i o n  i s  deducible  from extrema 
measurements 
of t h e  r e - a n a l y s i s  i s  t h a t  t he  cu rva tu re  of t h e  w e l l  i s  
g r e a t e r  than t h a t  of a L. -J .  (12-6) w e l l  of t he  same € and %,, . 

(n,6) p o t e n t i a l  were sununar i zed  by an "equivalence" 

It f s  suggested t h a t  a more c o r r e c t  i n t e r p r e t a t i o n  
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Considerat ions on t h e  Maximin Phase Shifr .  and the  CPnrvature of t he  Well 

Within t h e  framework of t h e  s e m i c l a s s i c a l  t reatment  of 

s c a t t e r i n g ,  t h e  A W L  phase s t - i f t  is independent of V( r )  for  

r < r t h e  c l a s s i c a l  t u r n i q g  po in t  of t h e  r a d i a l  motion. 

It i s  r e c a l l e d  \7,9c/ t h a t  

o p  

Vefrcr) V&b) = vir) + Eb; / r  a ( t h e  e f f e c t i v e  where F ( r ;  P 1- 

p o t e n t i a l )  F ( F )  I - b?,ra and 1 2  k b ; t h e  outermost ze ro  

of F ( r ) ,  ~ . e . ~  F ( r  ) = 0 def ines  the  tu rn ing  point. For a l l  

impact parameters  b > U ( t h e  z e r c  of t h e  p o t e n t i a l ) ,  t h e  

c e n t r i f u g a l  p o t e n t i a l  i s  s u f f i c i e n t l y  g r e a t  t h a t  r > V . This  

fol lows s i n c e  f o r  V ( r - )  > 0 

E 
(0 )  v 

0 

0 

whi le  f o r  

A s  an i l l u s t r a t i o n ,  F ig .  1 shows t h e  “reduced” c l a s s i c a l  t u r n i n g  

p o i n t s  3 - 2  p l o t t e d  vs.  f l =  b/p, a t  v a r i o u s  reduced 

e n e r g i e s  K = E/€ f o r  an Exp (14,6) p o t e n t i a l .  Thus, provided 

V(r ) < 0 , ro  > V ( t r i v i a l l y ) .  
0 

ww 

Quantum mechanically some p e n e t r a t i o n  of t h e  wavefunction (and, 
f o r  c o l l i s i o n  e n e r g i e s  below t h e  c l a s s i c a l  c r i t i c a l  va lue  f o r  
o r b i t i n g ,  t unne l ing  through t h e  c e n t r i f u g a l  b a r r i e r )  occurs,  
bu t  t h i s  is of secondary importance i n  t h e  p r e s e n t  connect ion.  

s a t i s f i e d .  E .g . ,  for t h e  L . J .  (n,6) p o t e n t i a l  i t  i s  r e a d i l y  
shown t h a t  Po > r / r m  

-For a l l  p r a c t i c a l  p o t e n t i a l s  t h i s  i n e q u a l i t y  i s  found t o  be 

for  a l l  n > 7 . 
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the rraxfmur. phase is independent ok v [ r >  f o r  

a l l  p o s i t l v e  ( r e p a l s i v e )  values of  the p o t e n t i a l .  S t r i c t l y ,  then, 

i t  is not  p o s s i b l e  t o  Zcqdire informat ion  d e a l i n g  w i t h  t h e  - r e p u l s i o n  

(V(r) > 0 )  from measurements o f  t he  ex t rema-ef fec t .  The e n t l r e  

in format icn  conten t  of s u z h  exper i r ren t j  1 5  ;enfined t c  t he  s t t r a c t i v e  

w e l l .  

from t h e  viewpoint of the  extrema a n a l y s i s  i s  one which s p e c i f i e s  

( i n  a d d i t i o n  t o  E and r ) rhe cu rva tu re  ~f the ~ ~ 1 1 .  'Thus, i f  

V ( r )  i s  expanded around t h e  minin,urn s t  is p l a u s i b l e  t h a t  t he  

w This sugges ts  t h a t  a scl i tabie  d e s c r i p t t o a  of  t he  p c t e n t i a l  

rn 

l ead ing  (quadra t i c )  term may be deducible  from eKtrema measurements. 

w A l l  the  semi-empx r c a l  p o t e n t f a i  f u n c t i c n s  a r e  readily 

expanded : 

.9c 
where V z V i e  is the  reduced p o t e n t i a i ,  Z 7 -  l' Es t h e  

a 4  
"reduced displacement"', dQ Z ('bra) i s  t h e  "reduced cu rva tu re"  

0 

a 

I n  convent iona l  terminology t h e  fo rce  constznt i s  k E UVC>. i l ,  

Of course,  from a knowledge of t h e  shape o f  t he  w e l l  ( i . e . ,  
cu rva tu re  a t  t he  minimum) one may e s t ima te  t h e  r a t E u  U,Yrm and 
the  sloEe of V ( r )  near I: =: (r . 

W E x p a n s i o n  c o e f f i c i e n t s  f o r  the  L.-J. (m 6), Exp. ( CY s6) and Morse 
( a )  p o t e n t i a l s  have been publ ished.13 Convergence of (9) is 
achieved only i f  0 < 2 < 2 , 
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meanings. One expec ts ,  of course,  t h a t  i n  a d d i t i o n  t o  t h e  cu rva tu re ,  

f u r t h e r  h igher -order  terms i n  Eq. 9 are r equ i r ed  f o r  a c c u r a t e  

de t e rmina t ion  of T&y However, the  p r i n c i p a l  dependence of 

?:(IC) should be upon )f ; i . e . ,  t h e  c o e f f i c i e n t  of the l ead ing  

t e r m  (a, i n  Eq. 4 ' )  should be w e l l  c o r r e l a t e d  wi th  

-f The maximum reduced phase may be expanded i n  powers of K 

(ex tending  Eq. 4 ' )  : 

m = f  

where t h e  dimensionless  a c o e f f i c i e n t s  are (wi th in  t h e  framework 

of t h e  semiclassical approximation) independent o f p ,  6 and r 

depending only  on t h e  "shape" of t h e  p o t e n t i a l .  

n 

m 9  

As w i l l  be shown, a l  

a r a t h e r  w i d e  range of d( ; thus  

about  

Of course,  i f  t h e  f and r were known s u f f i c i e n t l y  w e l l  from 

independent  cons ide ra t ions  (e .g .  t o  2 1 per  c e n t  i n  t h e  e r  
product ) ,  t hen  from t h e  experimental  A and t h e  known dependence 

of a upon Jt one could deduce t h e  cu rva tu re  of t h e  w e l l  (and 

t h e  di-atom fo rce  cons t an t ) .  

i s  a s lowly-varying func t ior .  of K over 

erm may be e s t i m a t e d  t o  w i t h i n  

A1 - 210 per  c e n t  d i r e c t l y  from a n  exper imenta l  va lue  of 

IE 

m 

1 

1 

- - - - -  
Auxi l i a ry  c a l c u l a t i o n s  have shown t h a t  t h e  p o t e n t i a l  must 
be known out  t o  
accuracy i n  

2 = 2 i n  order t o  achieve t h e  r e q u i s i t e  



(11.1) 

(11.2') 
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C ompu t a t i ona 1 Pr oc edur e s 

Semic la s s i ca j  reduced phases  T9'3wKBL ( ,K)  were computed 

via  Eq. 7 f o r  t h r e e  commonly used p o t e n t i a l s ,  fo l lowing  procedures  

similar t o  those  used e a r l i e r q  bu t  w i t h  improved accuracy of 

quadra ture .  The r e s u l t i n g  p* va lues  were numer i c a i l y  a c c u r a t e  

t o  w i t h i n  about  +0.00001, independent of  any sys t ema t i c  e r r o r s  

a s soc ia t ed  w i t h  t h e  approximation (Eq. 7 )  i t s e l f .  

The p o t e n t i a l s  were expressed i n  t h e  reduced forms 

The range of  K i n v e s t i g a t e d  w a s  from 1 . 2  t o  100 (lower K ' s  

would in t roduce  t h e  compl ica t ion  of t h r e e  t u r n i n g  p o i n t s  \15/ 

( c l a s s i c a l  o r b i t i n g ) ,  wh i l e  f o r  h igher  K ' s  t h e  $, v a l u e s  are 

so  smal l  t h a t  t h e  percentage  e r r o r  i s  l a r g e r  than  d e s i r e d .  I n  

gene ra l  t h e  range of ,(3 

neighborhood of ( e .  g. .8 < p < 1.3) ; t h e  maximum i n  t h e  

was r e s t r i c t e d  t o  t h e  r e g i o n  i n  t h e  
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?@)curve w a s  obtained by a 3-point Aitken i n t e r p o l a t i o n  which a l s o  

y ie lded  F0 and ( 2'. @pa)e 

For t h e  even tua l  purpose of c o r r e l a t i o n  of t h e s e  r e s u l t s  w i th  

cu rva tu re  , t h e  fo l lowing  equivalence r e l a t i o n s h i p s  between 

p o t e n t i a l  parameters  and )4 have been used:  

P o t e n t i a l  1: )t= 6 A  (12.1)  

P o t e n t i a l  2 :  

P o t e n t i a l  3: 

(12.2) 

(12 .3)  

F i g .  2 i s  a nomograph r e l a t i n g  t h e  va r ious  i n d i c e s  np wK, 
+, wi th  x a ( Included a l s o  is  t h e  Morse func t ion  wi th  

index  a,). 

The maximum phases  T:(K) w e r e  compuced for  va r ious  va lues  

of t hese  i n d i c e s  over a range of from 48-108 f o r  p o t e n t i a l s  

(1 ) - (3 ) .  The r e s u l t s  w e r e  expressed i n  terms of power series i n  K 

accord ing  t o  Eq. 10; t h e  c o e f f i c i e n t s  were eva lua ted  by a modified 

Ai tken  polynomial method. A four- term expansion f i t t e d  t h e  

va lues  t o  w i t h i n  about 5.1 per cen t .  It was found t h a t ,  aside from 

the 

c o e f f i c i e n t s  depended only ve ry  s l i g h t l y  on . Moreover these  

h igher  c o e f f i c i e n t s  (a2-a4)  are e s s e n t i a l l y  i n v a r i a n t  t o  t h e  f u n c t i o n a l  

form of t h e  p o t e n t i a l .  

-% 

a l  (obtained t h e o r e t i c a l l y  by t h e  J B  procedure) , the expansion 

Since a s imple se t  of cons t an t  



1 2  

expansion c o e f f i c i e n t s  ( see  Results) ,  a leng wi th  t h e  t h e o r e t i c a l  

va lues  of  a 

w i t h i n  a maximum d e v i a t i o n  of 0 , 3  per  cent ,  t h e s e  t a b l e s  will n o t  be  

Y 
can be used t c ~  reproduce the  t a b l e s  of 7m(K> t o  1 5  

presen ted .  w@ 

Resu 1 t s 

f F i g .  3 shows a sample of  t he  behavior  c f  qm as a f u n c t i o n  of 

1 / K  f o r  the  t h r e e  p o t e n t i a l s ,  each a t  t h r e e  s p e c i f i e d  (common) 

va lues  of curva ture  Je . The curves  are seen  t o  group toge the r  

accord ing  t o  cu rva tu re .  

The d e v i a t i o n  from t h e  h igh  energy, l i m i t i n g  behavior  (eq.  4 ' )  

i s  b e s t  shown i n  graphs of t h e  product  7: K VS. '/K , as 

i l l u s t r a t e d  i n  F ig .  4 f o r  t h e  same s e t  of c a l c u l a t i o n s *  Here a g a i n  

t h e  "family" s t r u c t u r e  i s  apparent ,  cu rva tu re  be ing  the  dominant 

f a c t o r .  

ex t rapola t ior )  g ives  a "computat ional ly  eva lua ted ' '  a These agree (+G, 1. 1 0 )  

wi th  t h e  JB-ca lcu la ted  

Note t h a t  t h e  o r d i n a t e  i n t e r c e p t  of t he  eu rve (v ia  

w 
E '  

a l  values ( see  Appendix). 

The cons t an t s  of t h e  semi-empir ical  equa t ions  f o r  72 
( fo l lowing  the  form of Eq. 11) are presented  i n  Table  1, 

- - - - -  
* By in t roduc ing  a s l i g h t  K dependence i n  t h e  expans lon  

c o e f f i c i e n t s  
decreased  by about  a f a c t o r  of two, 

a3 and a4 t he  maxirum d e v i a t i o n  can  be 



. 

1 3  

Table I 

Expansion C o e f f i c i e n t s  (a -a ) for ?&(K)According t o  E q .  10 1 4  

K - 
48 

6 0  

7 2  

8 4  

96 

108 

120 

132 

144 

P o t e n t i a l  .I 

.47000 

.44113 

.42156 

.40727 

.39630 

.38757 

,38043 

.37446 

.36938 

1 
a 

P o t e n t i a l  2 

47421 

-44432 

.42156 

40338 

.38838 

.37568 

.36474 

.35515 

.34666 

P o t e n t i a l  3 

45208 

.4306 3 

41462 

40232 

.39257 

.38465 

.37808 

37253 

.36776 

a = 2 . 0  x 2 

-1 a 3  = -1.90 x 10 

= 8.8 x a4 

The a, c o e f f i c i e n t s  l i s t e d  are t h e  t h e o r e t i c a l  (J.-B.) va lues ,  
J. 

w h i l e  t h e  higher c o e f f i c i e n t s  were 

procedure mentioned earlier. The 

c losed  form only f o r  p o t e n t i a l  I. 

eva lua ted  by t h e  Aitken f i t t i n g  

al's couitd be expressed i n  

The a n a l y s i s  f o r  t h e  o the r  two 



14 

p o t e n t i a l s  involved the  s o l u t i o n  of t r anscenden ta l  equa t ions  and 

power series expansicns ( see  appendix) .  The )g-dependence of  t h e  

important  parameter a i s  shown i n  F ig .  5 .  Here a l (  d& ) shows 

a broad r eg ion  (70 6 4 130) i n  which ( a )  t h e  s lope  i s  e s s e n t i a l l y  

cons t an t  ( h / d h e ‘ = - 9  x 10 

p o t e n t i a l s  are very  s imilar .  

1 

-4 ) and (b)  t h e  r e s u l t s  f o r  t h e  t h r e e  

Conclusions 

The exce l lence  of t h e  c o r r e l a t i o n  of  a w i t h  )c , n e a r l y  1 
independent of  t h e  p a r t i c u l a r  f u n c t i o n a l i t y  of t h e  p o t e n t i a l ,  confirms 

t h e  sugges t ion  t h a t  t h e  t h i r d  “ c h a r a c t e r i z a t i o n  parameter“  of t h e  

p o t e n t i a l  should be t h e  cu rva tu re  of t h e  w e l l .  S ince  t h e  h igher  

order  c o e f f i c i e n t s  ( a  -a ) are  found t o  be completely i n v a r i a n t  t o  

t h e  f u n c t i o n a l i t y  of t h e  p o t e n t i a l  and e s s e n t i a l l y  independent of , 
2 4  

a n  exper imenta l  de t e rmina t ion  of t h e  r a t i o s  a /a  and a /a (from 

p l o t s  of  

2’ 1 3 1  

Nv vs. v-’) should a l low (v ia  Table  I )  a n  estimate of K N N 

and thus  the  di-atom f o r c e  c o n s t a n t .  
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Appendix 

High-energy l i m i t i n g  forms for t h e  ex t r ema-quan t i t i e s  

may be obtained from t h e  J . - B .  approximation f o r  t h e  phase s h i f t .  

I n  t h i s  case 

T& and 
\9,lOa.16/ 

These were obtained i n  c losed  form only f o r  p o t e n t i a l  1. 

where w 

For p o t e n t i a l  2 

( A - 2 )  

The i n t e g r a l s  were eva lua ted  by expanding t h e  f a c t o r  of 

i n  a convergent power series. 

t h e  form 

( J -  ‘/xyq 
Then ?* can then  be w r i t t e n  i n  
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t - I/-otP 
J 

S u b s t i t u t i o n  o f  4, ( the  s o l u t i o n  of t h e  e q u a t i o n  ( J?7~4 = 0 1 
i n  Eq. A - 5  y i e l d s  ?LJB I S u f f i c i e n t  tesrn.; were c a r r i e d  i n  t h e  

expansion t o  i n s u r e  convergence of t h e  va lue  of  

Th i s  r equ i r ed  terms a s  h igh  as 

t o  +.000001. 4 38 7- 
k = 40 f o r  low K ( i . e *  nega t ive  o( ). 

To evaluate t h e  corresponding q u a n t i t l e s  f o r  p o t e n t i a l  3 t o  

t h e  r e q u i s i t e  accuracy t h e  necessary  h igher  order  expansion terms 

were added t o  Eq. 10b of Ref,  1 6 ,  T h i s  eqclation then  becomes 

*'' may be eva lua ted  by s u b s t i t u t i n g  Po (found, as b e f o r e ,  7- Again 

by d i f f e r e n t i a t i o n  o f  ?*") i n  Eq A - 6 .  

It can  be seen  from Eq. 4 '  t h a t  t h e  expres s ions  f o r  

obtained d i r e c t l y  from Eqs. A - I J S , 6  by suppres s ing  t h e  f a c t o r  

a 1 are 

1 / K  
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Legends for  F imres  

1. Reduced c l a s s i c a l  t u rn ing  po in t s  f o r  t h e  Exp ( lS,6> p o t e n t i a l  

a s  a func t ion  of reduced energy K. The curves  c r o s s  a t  a 

common p o i n t  when r = b  = 6, or Zo = p = Firm . 
0 

2. Nomograph r e l a t i n g  t h e  va r ious  i n d i c e s  of P o t e n t i a l s  1, 2 and 3 

wi th  t h e  reduced cu rva tu re  
* 

upon ‘/K for P o t e n t i a l s  I, 2 and 3, each a t  ’1, 3. Dependence of 

t h e  s p e c i f i e d  va lues  of . 
4 .  Dependence of q z K  upon ‘/K fo r  P o t e n t i a l s  I, 2 and 3, a s  i n  

F ig .  3. 

5. Dependence of t h e  a l  paraffieter upon K f o r  P o t e n t i a l s  1, 2 

and 3. The expres s ions  for  a l (  K )  i n  t h e  t h r e e  cases  are g iven  

i n  t h e  Appendix. 
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